
From late 19ᵗʰ early 20ᵗʰ century

light wave and particle photon

matter particle and wave deBroglie
so if matter behaves like a wave what is the
wave function

ex periodic teamling water waves

X t Asin Kx wt

4 is the amplitudeof the displacement of water
at position time t

for a particle what does x t mean

this is one ofthe fundamental things about

EE IET
eg 4 x t for an election amplitude for finding

the election at X t

4 can be a complex number has Mal and

imaginary part
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can write Z if
real part of z Re z

y imaginarypartof 2 Im Z
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can write roso

y rs.no

so Z r coso insino

r coso isino

sino Uso can be expanded around 0 0 usingthe
usual Taylor series
Coso 1

sino 0



so coso isino io i CE
now use i 1

so

i i.EE 18
QI is

and so on

so can write

coso isino I io L

now expand e for small using Taylor expansion

e 1 txt t

so coso isino eio

then can write z re
O

tiy
where X 51050

y rsino

r xtyF
tano y

complex conjugateof Z defined as



z ré x ig
z retio try

121 is absolute value of complex number Z
and Z r xtyT

try 7.7 x iy x ing
x iyx iyx iyJ
x y

so 121 Fz xyT ReizImtzjT
complex numbers are

very useful for many
engineering applications like AC circuits

back to QM

x t is complex amplitude for finding
a particle at position X time t

what does amplitude mean

current interpretation
141 3 probability offinding particle at

location time t

but probability is a trickything probabilityof
finding particle exactly at x t gets smaller



as you make x t more precise

so define probability of finding particle between
location and dx is

P x tax I x t dx
so 141 131 is probability perlength

or probability density
so Plx DX 141 3Pdx

which means a

Plx a 14 x t Pdx 1

because particle has to be somewhere

ex particle is equally likely to be anywhere in a
tube of length L
if particle is equally likely to be at any location
in tube then there is no timedependence at each
location

so x t 4 x C for OEXEL
0 for LO M L

where C is a ions tant



Q
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probabilitynormalization requires
a

5 4 x e 4 x t dx 41 546 dx 1

a

14 dx 141dx 41 ax tax

to
c dx C L 1

so C YE

what is prob to find particle in 1ˢᵗ half oftabe
Plo c inside dx ̅



ex free particlemoving w V w 2nF k 2

4 x t Ae
wt

Acos kx ut Aisin kx wt

this is the most general wave equation for
a free particle

what is probabilityof particle being between
and Xz locations

4 4

P x x 14Pdx Aei int aillarwhy

A dx A X2 x A DX

but shouldn't the particle have a definite location
QM says I beforeyou measure it a particle does

not have a definite location
2 but it can have a definite probability

200 4 7 very revolutionary



Beatifies
ex what is average positionof a particle

describedby wave function 4 x t

classical statistics average age of all students

age III
rewrite age IT to age

sum each age weighted by
weight is same for all students

can say that weight is probability foreach

student Plage

so average is age ÉPlage age

so foranyaverage x ̅ IX Pix

in QM we use amplitude 4 x andwrite something
similar

400 5 7

x ̅ 4 a ix 4 x dx



ex particle is in a boxof length L
wave function I x t is not a travellingwave
assume x t 4 x t

4 x is functionof position
at any 0ft is how amplitudechanges

ex GH

0

for 4 x Hy 4 x A sin KX OEXEL
0 Xco XSL outside

boundary
if 41 20 c 0 thenby continuity want

4 o 4 L 0 at boundaries

410 Asin o 20 4
4 L Asin KL 0

so 4111 0 when KL at n 042
or kn n I kn is quantized

but then we always get discrete values

ofwavelengths when we constrain a wave

to have boundaries
e g violin guitar



normalize 4 4 4 x dx 1

1 41 1Pdx lympdx 146sPdx 441d

146 Pdx A fosin kxdx

A 1 ws2kx dx

A E siz lot
Sin 211L sin 2 II L 0

so 5514151 dy EL
means A EM

4 x 2 sin tax kn nI ns

deBroglie p tk

so if k is quantized so is p
Pn tkn n.LI no 1,2

consider n 0 then 4 x EF sin Kox 0

but if 41 3 0 inside the box then no particle
anywhere



this tells you

1 4 0 not allowed
2 P n II 9 1,23 so Po does not

exist

particle can not be sitting still with
no velocity
QM says even

if you cool the particle
to absolute 0 temp 1 0 it has to
have a non zero momentum and therefore
a non zero energy

non relativistic energy E KE Em

so En In II In m LEI
energy is

also quantized

now calculateaverage positionof particle in boxL

x ̅ f 418 4 x dx 41 3 sin knx

so 4 is real so 4 4



then x ̅ 14 e Pxdx IE sirixdy

1 aged
Sin 2kt sin 2 II L O

Sin 01 0

cos KL us 2 II L as 2T a

cos10 1

so only 1st term survives

x ̅ 2 as expected

but what does average position mean

averaged over many measurements

so if you perform many measurements
and count times you measure between 0 d IL

O 1L 0 2L
0.21 0.32

0 92 1.04



this is a histogram

plot will show

average at
MMMMM

L X

Waveequation

in E M forHaveling EM wave we have wave equation

8 to

200 419
E is a wave that satisfiesthat wave equation
forquantum mechanics

if x t is a wave function there must be a
wave equation
for a free particle of mass m
Il x t A e

wt
A costlix wt is in kx wt

withthe deBroglie relations

P tik

E hf 1g 2 f Tw



so can write
I x t Ae Et Aei EEE

if you take É you get

8 Ae EE

EE Ae EE

E4

so write it 2
it I EI EI

we can interpret it as an operator É

where EI EI
9

operator energyvalue

also try 4 Ae EEE
Ae ipf

so momentum operator P it



and 4 p4
thinkofthese operators as projecting quantities from
wave functions

Quantum theory can use momentumandenergy
operators to find average values of
momentum energy

exi for particle in a box no time dependenceof the box
so 4 x 2 sin bx k as above

and average is x ̅

what is average momentum

AKA expectation value of momentum

p 44 x 4k dx

Ef sin feel it If sin k dx

2 k sin hx cos hx dx 0

because particle spends equal time going in
both directions inside box



what is average energy

for E use energyoperator É Em l.it its

E 4 Étdx

SEEsinkx 121 sin kx dx

sin kx k cos hx b sin tax

so E E sinkx Ink dx

fisin bx dx

its In dx

II I E CES
so En m III is alsoquantized

so average energy is just the energy for the
particle in the n th state



iiitiiii.ua
E KE 3MW ME 1

so In E

so why not I EI Exit

now write out the operators

p it

p 58

É it

turn operator equation into differential equation
for a free particle

Ex In I
E it 2

so energyequationKE I É I gives us



In its it it

what about a particle not free
e g electron in H atom
not tree is because of potential energy

PE's almost always do not have any time
dependence

let U x be potential energy as a function

of position
then imagin PE operate PE Rex

classically E KE PE

so extend her particle diff egu above

In WE it If Schrodinger

equation

totalenergyoperator
KE G I

note if Uex only and not a functionof time

then x t 41 3 e th 41 5 e
int



is a solution because

it2I it 41 2 e
not

it x iw e
int

hw 4 x e
wt

hw x t

but hw E from deBroglie
so operatorequ is

KE x t Uk x t EI x t

k k is springconstantrecent m
from Hooke's Law F Rx

potential energy is PE kx

so forQM oscillator UK kx
and with so b mw

U Ix mw



the potential energylooks like this

potential
ulx

v

Schrodinger equation

Infff mw x 4 x E4 x

this is a difficult differential eqn
answer 4 x Nne BEH Bx

Hermite
wave far normalization β7nF polynomial

for eall energy
level n



wave function looks like this

energy is found to be

En n 1 tw n o p

ground state n O Eo hw

1 excitedstate n 1 E hw

energy levels separated by
DE Ent En

n it hw n hw hw



can use this to model quantised energy levels

ofmolecules like hydrogen chloride HCI
CI molesale mass is 35 more than it

WO H

observed oscillation lowest frequencymeasured

tobe 88.8THz THz 10 Hz
DE hf 6.63103 J S 88.8 10 fi ag

0.37eVQuantumTunneling

classically Eyot KE PE

ex ball and hill

i.NET
ball has KE MV

PE at topofhill PE mgh
as ball goes up the hill KE is converted to PE



ball needs KE PE togetto the top and go
over to otherside

in quantum world

let U x 0 XO

Uo O X L Ho constant
L

PE

L

Uix acts like a energy potential barrier

a particle is a wave coming in from a

and hits barrier Particle has energy Eo No

incident

reflects to

region 1
2



this situation is described bySchrodinger equation
suppose situation has no time dependence
I x t 41 5
form equation in each region I II III

region 1 Em If E 4 a ex co

region 2 121 404 E 4 OEXEL

region 3 128 E 4 Oct an

continuity requires 4,10 4 o

4 2 431L

continuityofderivativerequires to 1

1 k
region 1 no potential so free wave

insident wave moving to right
so 4in Ie

kx

amplitude of 4in I

probabilityofmeasuring incoming wave

is I or 1112



reflected wave movingto left
so Yr R e

ikx

amplitude f 4 R

probabilityofmeasuringreflected wave

is RER or 11212

totalwave function in region 1

4 x 4in x Yr x
Ieik Reike

region 3 also no potential
andonly a transmitted wave

4 x 4 x Teikx

amplitudeof 4 is T

probabilityofmeasuring transmitted wave
is T J a IT

we don't know I R T but if we did then

we can calculate probabilityof incident wave

gettingthrough barrier to be

Phaus 11
transmission

incident
how can somethingget through the
barrier have to examine region 2



note in region 1,2 3 Eo KE In
use p Kk to write E 4
solve for K 2M

region 2 Schrodinger equation

In 4 x 604 x E 4 x

rewrite In82 Eo 40 42 x

EU so Eo Holo

then 83 21 Eo 407421
1

2140 Eo Ya x

Tivequaititye.BE
so 8 p 46

general solution is 4 x Aef Be β

β LIFE
as Uo a barrier gets higher and β a

so e β so



but eβ so B must be very small but
non zero

now apply continuityconditions

continuityof 4 at boundaries

region 1 4 I eikx péikx
2 4 AE BY Be BY

3 4 Teikx

region 1 2 boundary 4 o 4210

so I R At B
213 4 c 43 L

Aéβl Be Teikh
continuityofderivatives

region in boundary 1 10 to

1 15 ikieikxfikre.it
ik I ikr

8 BAE o β Be

so ik I R BA BB



region 2 3 boundary 11 1
so BAéβʰ βBeβL ikTe

kt

so we have 4 equations
I R A B continuity at 112

Aéβ Be Teikl 213

ik I R BA BB of It at 112
βAEβ βBest ikTe 213

what we want is the transmissionprobability

Pitansmission 1 1 12
so take the Y equations and divide by I toget

It E E BE

E e
β Beet eikl

ik 1 E BAE BE

βE éβ βEe it Ie
4 equations 4 unknowns EI 1 I



solve for TII after a lot of algebra

I
5kt

coshBL i E sink βL

where cosh PL eβl
smh BL

a
hypertonic

8 E
then P transmission I

coshp EJsinh BL

verystrongdependence in
barrier width L

sine wave exponential
sine wave

do
Eo

un

region 1
2

region
O L

This is quantum tunneling and is basis of
solid state transistor technology


